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Abstract 

We study the slow-roll inflationary dynamics in a self-gravitating 
induced gravity braneworld model with bulk cosmological constant. 
For E 3> M| /M| we find important corrections to the four-dimensional 
Friedmann equation which bring the standard chaotic inflationary sce- 
nario in closer agreement with recent observations. For M^/Mp, <C 
E <C M^/Mf we find five-dimensional corrections to the Friedmann 
equation, which give the known Randall-Sundrum results of the infla- 
tionary parameters. 
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1 Introduction 



The recent observation data from the Wilkinson Microwave Anisotropy Probe 
(WMAP) pp, show strong support for the standard inflationary predictions 
of a flat Universe with adiabatic density perturbations in agreement with the 
simplest class of inflationary models j2] • In particular, these observations had 
significantly narrowed the parameter space of slow-roll inflationary models. 
We are entering an area where the physics in the early universe can be probed 
by upcoming high-precision observational data. 

In light of these developments, it is important to understand further the 
inflationary scenario from the theoretical point of view and also from a more 
phenomenological approach. A new idea that was put forward is, that our 
universe lies in a three-dimensional brane within a higher-dimensional bulk 
spacetime and this idea may have important consequences to our early time 
Universe cosmology. The most common scenario, is the Randall-Sundrum 
model of a single brane in an AdS bulk In this model the Friedmann 
equation is modified in early times while standard cosmology is recovered at 
late times jU |3] . The slow-roll inflation was applied to this model jH] , and 
it was found that the extra terms in the Friedmann equation act as friction 
terms which damp the rolling of the scalar field, allowing steeper potentials. 
However, the recent observational data from CMB anisotropies, seems to 
exclude steep potentials and strongly constrain monomial potentials in the 
Randall-Sundrum scenario jjj. 

We can also study inflation in other braneworld cosmological models. 
These models are mainly generalizations of the Randall-Sundrum model. 
The most interesting models are those which are based on the generaliza- 
tion of the Randall-Sundrum gravitational action. The gravitational action 
can be generalized in two ways. The first is to add a four-dimensional scalar 
curvature term in the brane action. This induced gravity correction arises be- 
cause the localized matter fields on the brane, which couple to bulk gravitons, 
can generate via quantum loops a localized four-dimensional world-volume 
kinetic term for gravitons [El El- The second is a Gauss-Bonnet correction to 
the five-dimensional action. This gives the most general action with second- 
order field equations in five dimensions [10J. 

The induced gravity model, with no brane tension (i.e., the brane is not 
self-gravitating) and no bulk cosmological constant, leads to very different 
behaviour than the Randall-Sundrum model. In the Randall-Sundrum case, 
gravity becomes five- dimensional at high energies, so that general relativ- 
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ity is modified in the early universe. By contrast, in the induced gravity 
case, corrections to general relativity become significant at low energies/ late 
times, and the early universe evolution agrees with standard general relativ- 
ity [3 El E] • Astrophysical implications of induced gravity have also been 
considered [Tlj . 

The Gauss-Bonnet model is like the Randall- Sundrum model in the sense 
that modifications to general relativity arise in the early universe at high 
energies. The graviton zero mode is also localized at low energies, as in 
the Randall-Sundrum case [T3]. The brane cosmology of the Gauss-Bonnet 
theory has been investigated in Refs. [TEJ [T7J HH1 EH] . In [20] the slow-roll 
inflation was applied to the Randall-Sundrum model with a Gauss-Bonnet 
correction term and it was found that if the inflation is driven by an exponen- 
tial inflaton field, the Gauss-Bonnet term allows for a spectral index of the 
scalar perturbation spectrum to take values closer to the recent observational 
data. 

Recently the cosmology of the Randall-Sundrum braneworld was studied 
included both curvature correction terms: a four-dimensional scalar curva- 
ture from induced gravity on the brane, and a five-dimensional Gauss-Bonnet 
curvature term [2Tj. The combined effect of these curvature corrections to 
the action removes the infinite-density big bang singularity, although the 
curvature can still diverge for some parameter values. A radiation brane un- 
dergoes accelerated expansion near the minimal scale factor, for a range of 
parameters. At late times, conventional cosmology is recovered. 

In the induced gravity model when the brane tension and bulk cosmolog- 
ical constant are included, the late-time modifications persist, with less fine- 
tuning needed, but further modifications are introduced [HJ 1221 1221 12H EH] ■ 
In this work we show that the inclusion of the brane tension and bulk cos- 
mo logical constant, have also important consequences in the early time evo- 
lution. For E ^> Mf/Mf we find significant corrections to the standard 
four- dimensional Friedmann equation. For M^/Mp t <C E <C M^/M% we 
find Randall-Sundrum type five-dimensional corrections to the Friedmann 
equation for an AdS or Minkowski bulk as expected. Applying the slow-roll 
inflationary formalism in the case of a quadratic potential, we find that the 
correction terms to the standard Friedmann equation, bring the standard 
chaotic inflationary scenario closer to the observations. We also find that be- 
cause gravity becomes stronger in the high energy regime, chaotic inflation 
can occur for values of the inflaton field below the Planck scale. 

The paper is organized as follows. In Sec. II, we analyse the cosmological 
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evolution of a self-gravitating braneworld model with induced gravity where 
a cosmological constant is also included, and we find all possible corrections, 
in the allowed parametric space, to the Friedmann equation. In Sec. Ill, 
we apply the slow-roll inflationary formalism with a quadratic potential to 
the resulted modified Friedmann equations. In Sec. IV, we discuss chaotic 
inflationary models allowed for various choices of parameters, and Sec. V 
gives our conclusions. 



2 Cosmological evolution of a brane-universe 
with induced gravity 

The effective Einstein equations on the brane, when a four-dimensional scalar 
curvature term is included in the bulk action, are [23 EI] 



4T» - r^K^T^GT - \(k, + ^4)8* (1) 



6 V v 6 



where 



K P « = \{^T pa -^T vu -b va T^) (2) 

+ 1 (T^ + (T A A ) - 6^) ) , (3) 

^ = ~~^T^T^ + -^T^T^ + ^TpT^5^ — -^-(^a ) 2 <5^ , (4) 

l G) " = -7^ + ^G^ + ^^-^(G A ) 2 ^. (5) 



7T 



The induced-gravity crossover length scale r c is 

c 4 Mf 



(6) 



the fundamental (M 5 ) and the four-dimensional (M 4 ) masses are given by 

K l = 8vrG 5 = M 5 " 3 , /<j = 8vrG 4 = M 4 " 2 . ( 7 ) 

In a cosmological setup in which the projected metric on the brane is a 
spatially flat Friedmann- Robert son- Walker model, with scale factor a(t), the 
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Friedmann equation on the brane is 



H 2 



+ 



Ka 2 k 

1 
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AkHp + X)-2A 5 + — - 



a' 



1/2 



(8) 



where C is an integration constant arising from the Weyl tensor Sjf and 
e = ±1. The second Friedmann equation can also be calculated 



H 



k 



— e 



4^(p + A)-2A 5 + i|-if 



1/2 



(9) 



where w is given by the equation of state p = wp. 

Equation (JHJ) describes the cosmological evolution of the brane-universe 
with induced gravity. The fundamental parameters appearing in (JBJ) and 
Q are: two energy scales, i.e. the fundamental Planck mass M 5 , and the 
induced gravity crossover energy scale r" 1 , and two vacuum energies, i.e. 
the bulk cosmological constant A 5 and the brane tension A. In this work we 
are mainly interested on the inflationary dynamics driven by a scalar field 
4> with a self-interaction potential V(4>). Therefore, we will put the effective 
cosmological constant equal to zero. The effective cosmological constant can 
be calculated by taking the a — > oo limit of (jHJ) 
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k\\ + — + e^ T J{2K\\ - A 5 ) r\ + 6 



and putting it to zero we get, 



A, 



(10) 



For e = — 1 the brane tension can be assume to be positive, while for e = +1 
the brane tension is negative. We will discuss the implications of a negative 
brane tension in the following. In the case of a Minkowski bulk (A5 = 0) 
we cannot put the A e ff = 0, because the induced gravity decouples, and we 
find the Randall-Sundrum model. However, setting only A 5 = 0, the brane 
tension can be assumed to be positive for both signs of e. 
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For A e ff = using (fTTj) and setting k and C equal to zero, equation (JSJ) 
becomes 

fl. = ^/ 1+ ^ + * +e _?4.( 1+ ^_ + * + ^)n (12) 

3 I K 4 r cP P K4T C P I V K 4 r cP P P 12 / J 

To analyse the above Friedmann equation we define the dimensionless pa- 
rameter 

" = ^T> ( 13 ) 

and we distinguish the following cases: 

1) p ^> 1. In the high energy limit p ^> A, we have K^r^p ^> 1 and the 
Friedmann equation (|12|) is approximated by 

^f (l+£ _^), (14) 

^A(^)»l, e = +l, ff* =^(l + 2^), (16) 

In the low energy limit p <C A, (fT2|) is approximated by 

e = +l, ^r c 2 P»l, # 2 = ^( 1 + 2 ^)> (18) 
^r c 2 p«l, # 2 = 2^(1 + ^-), (19) 

' = ^ = ^fi-T^r)- (20) 



3 V fi^r^A 

It was shown, that the gravitational potential in this case, exhibits a 
four-dimensional behaviour [22] and therefore, equations ([14 )1 - ([17 )1 describe 
high energy corrections to the standard Friedmann equation due to induced 
gravity. However, only equations ()14)) and ()15j) are giving p dependent cor- 
rections to the standard Friedmann equation while equations (llfij) and ()17j) 
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are giving the standard Friedmann equation with a redefined energy density 
or a cosmological constant. Note also that the last term in (|15|) is giving a 
small correction to the second term and therefore cannot be differentiated 
from equation (jl4j) . In the low energy limit, we obtain again the standard 
Friedmann equation with a redefined energy density or with a cosmological 
constant. 



2) \i <C 1- In the high energy limit, ()12|) can be approximated by 



-2 , 



h 2 = ^(i+ e ^y> (2i) 

3 V K^cP 1 ' 2 / 



.2 , 



K ^V«l, £ = +l, H- = 2^(l + -A-), (22) 

— i.*-4K)-4( i+ &)- < 23 > 

Equation (}2*Tj) represents four- dimensional corrections to the Friedmann equa- 
tion, while equation ()23|) represents five-dimensional corrections. In the low 
energy limit, for e = — 1 there is a transition [T21I22] from five dimensions to 
four dimensions, while for e = +1 the Friedmann equation is a constant. 

We turn now to a Minkowski bulk where A5 = 0. In this case equation 
(IHI) becomes 



.2 , 



, sr, P < 6 A 2\/3 / 3 A\ 1/2-. 

3 I K 4 r cP P K4T c p 1 V K|^cP P' J 



We can distinguish the following cases: 

a) jtt> 1. In the high energy limit p ^> A, the Friedmann equation ()24|) is 
approximated by 

^ =f + (27) 

Equations (j23j) - (f2*T|) represent pure four-dimensional corrections to the stan- 
dard Friedmann equation. In the low energy limit we get the usual linearized 
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Friedmann equation of induced gravity with an effective cosmological con- 
stant 

fl. = !^(l + £ +e _^ + 6 ). (28) 
3 V A K^r c X v l l n 4 r^XJ 



b) p <C 1. In the high energy limit, can be approximated by 

4r 2 cP »l, =^(l + e^%), (29) 

3 V K^r c p L/z J 



4r 2 c p «l,e = +l, i/ 2 =l(l + ^), (30) 



* _%i£.4( 1 + i). (31) 

Equation (|29*jl represents four- dimensional correction to the standard Fried- 
mann equation, while equation (|3*T|) is a pure five-dimensional correction. 
Note that if we ignore the A 2 term which is small in the high energy limit, 
equation (J31|) is identical to equation (J23|) . In the low energy limit, equations 
(J5UJ) and (j3Tj) go to their constant limits. 

From the previous analysis we can distinguish two different cosmological 
evolutions of a brane-universe with induced gravity. The first is a pure four- 
dimensional evolution at all energies (distances) if A > 6M 5 6 /M| (// > 1). 
The second is an interesting evolution if A 6Mf/M| (p <C 1). At small 
energies E <C M^/M Pl or large energies E 3> Mf/Mj (r 3> l/ftfA and r <C 
r c respectively) the evolution is four-dimensional, while at an intermediate 
energy scale Mf /Mp ; <E< Mf/Mf (6/«| A > r > r c ) is five-dimensional. 
The same behaviour was found in [22] where a different fine tuning was used, 
while in [T2| the five- dimensional behaviour was recovered with no brane 
tension. Both cosmological evolutions are shown in Fig. 1. 

In the high energy limit therefore, if E 3> M|/M| we have corrections to 
the four-dimensional Friedmann equation, due to induced gravity, given by 



-2, 



^ = ^/ 1+e _*/y (32) 

3 V K±r c p i J 

and if M|/M|, z M^jM\ we have corrections to the five- dimensional 

Friedmann equation of the Randall-Sundrum type 

^ = 4(1 + ^). (33) 
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Figure 1: The cosmological evolution of a brane-universe with induced grav- 
ity. 

In the next section, we will apply the slow-roll approximation of the inflation- 
ary scenario, to the two high energy corrections of the Friedmann equation 
given by and 



3 Inflationary dynamics on the brane 

We will assume that the inflationary dynamics is parametrized by a scalar 
field cf) with a self-interaction potential V(<ft), which is confined on the brane 
and dominates the energy momentum tensor T^ v on the brane. Then it 
satisfies the Klein-Gordon equation 



+ 3#</> + V'(</>) = 0, 



(34) 



since V^T^ = on the brane. This is equivalent to the continuity equation 
p + 3Hp(l + w) = 0, where we have assume an equation of state p = wp, 
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with p and p given by 



P 



V 



h 2 -v{<j>). 



(35) 
(36) 



We are interested on the range of parameter space where inflation potential 
dominates the brane tension and assume the slow-roll approximation, (p 2 <^V 
and |0| <C H\(p\, and therefore p ~ V. These assumptions can be justified 
on the grounds that as we showed in the previous section, induced gravity 
introduces corrections to the Friedmann equation. 

The inflationary parameters e = —H/H 2 and t] = V" /3H 2 with the use 
(jHI) and (fTTjl become 

1 + e 2VZ(A 2 + AK 2 r 2 V 



of 



/2 



1 V 

24; V 2 



1 + 



+ v + £ 



i^A 2 + AK 2 r 2 V 



l/2x 2 



'PI 
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+ T7 + C 



A 2 



An\r 2 V 



1/2 



,(37) 



(38) 



where A 2 = (4Klr 2 \ + 12 — 2A 5 r 2 ) and p = n 2 Pl / n\ as it will be discussed 
later. The term in the curved brackets corresponds to the GR inflationary 
parameter e. Hence we can see that for the cosmological evolution with 
p <C 1 induced gravity effects ease for a given potential the condition for 
slow-roll inflation which is max{e, \r]\} <C 1. The number of e-folds during 
inflation is given by iV = f* f Hdt which in the slow-roll approximation using 



becomes 



N 



<t>f y 



H ,1 



k\t 2 c 



v/3 



— e- 



r<t>f 1 f 



1/2 



(39) 



where <pi and 0/ are the values of the inflaton field at the beginning and at 
the end of inflation. The scalar perturbations in the slow-roll approximation 
are given by 

V 3 \ L 6 A V3 



A: 
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PI 



1 / K 
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V + 6 K 2 r 2 V 
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(40) 
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We cannot treat the inflationary parameters e and r) of (|37|) and (|38|) and 
also equations (J3T?|) and (flTi|) analytically due to their complexity. We will 
analyse instead the inflationary dynamics which arises from the Friedmann 
equations (J3~2j) and (J22I)- 

We start first with the Friedmann equation (}3*2*|) . The condition for infla- 
tion is 

i.* + t-&(v( 1+ ^)-r(i + ^)) >0 , (41, 



which reduces to 



i.2 



1 + e _fe<vfl + e -^ 



<^! + e --W- ( 42 ) 



The above condition (j42J) coincides with the GR condition for inflation when 
K 4 r c V 1/2 > 1. 

Using (|3*2*|) the slow-roll parameters become 

£ = K^^)! 1 - 6 ^^)' (43) 

/ 1 KV. 2v/3 \ 

* = K^vX^w^)- (44) 

Similarly, the number of e-folds during inflation and the scalar perturbations 
become 



K 



2 



V / 2V3 



N - -'fL M 1 + W^<* (45 » 



Equations (j43j) - (j46)) are representing high energy corrections to the general 
relativity (GR) corresponding quantities in the slow-roll approximation, and 
coincide with them in the limit r c — > oo. 

Considering a quadratic potential V = V (j) 2 , in the GR limit r c — > oo, 
the spectral index of the scalar perturbation spectrum is independent of V 
and it is given by n s = 1 + 2i] — 6e = 1 — %/ n\<p 2 . Assuming 0j ~ 10~ 1 fa, 
from equations (jS} and the values of Vq and fa can be calculated. Using 
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the COBE normalization for the scalar perturbations A 2 = 4 x 10 10 , and 
for the number of e-folds N = 55, we find V Q = 3.46 x 10 27 (GeV) 2 and fa = 
1.79 x 10 20 GeV, while for iV = 70 the numbers are V Q = 2.15 x 10 27 (GeV) 2 
and fa = 2.02 x 10 20 GeV respectively. These values of Vo correspond to 
an inflaton mass of ~ 10 13 GeV, and the values of the inflaton field are 
larger than 3M 4 . The spectral index of the scalar perturbation spectrum for 
N = 55 is n s = 0.9640, while for N = 70 we get a larger value of n s = 0.9716. 
This is known as the chaotic inflationary scenario "2S|, and it was criticised 
for its super-Planckian field values. The problem with the super-Planckian 
field values is that one expects non-renormalizable quantum corrections to 
completely dominate the potential, destroying the flatness of the potential 
required for inflation. This is known as the ^-problem 12*71. 

Coming back to the induced gravity corrections, equation ()45|) for a 
quadratic potential becomes 

N=^f(l-c 2 ) + eV3^(l-e), (47) 
4 r c V 

where = fa and c = <f>f/fa. From this equation, the crossover scale can be 
calculated, 

.V3«40(l ■ , (4g) 



v m \an-k\<p 2 (i-c 2 

To obtain a positive five- dimensional mass M 5 , considering also the GR value 
of c ~ 10 _1 , equation (f4*8*|) gives the following conditions for the square of 
the inflaton field 

9 AN 



AM 

•1, 2 >^- ^. (50) 



KJll - C 2y 



The spectral index n s = 1 + 2r] — 6e using (f4*3*j) and (f4*4*|) becomes 

n . = 1 *(2- tT 2^J). (5!) 



^40 2 V K4r c \/V§y> 

Substituting ()48|) into (|51f) we can express the inflaton field as a function of 
the spectral index 

1 / /(15 + 7c) 2 - 112JV(1 -n a )\V2 



^2 = 

± 2k 2 (1 - n s 



((15 + 7c) ± ( l^£Tziip -"■) )'"), , 52) 
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The inflaton field is well defined if 

*>1-A5±^Z4. (53) 

From this equation, using also (jjD]) and (|5U|l which are the positivity condi- 
tions of the crossover scale, we find that the crossover scale is always negative 
for the solution (e = — 1, </>_), for the solution (e = +1, </>_) is always pos- 
itive and there is a lower bound for the spectral index given by ()5Hj) . while 
for the other solutions we find the following lower or upper bounds for the 
spectral index ns 

1 j. 1 (15 + 7c) 2 (l-c) 
e = +l, 0+, n s <1-^ ^ ^, (54) 

2(1 -c 2 ) , s 

e = -l, + , n s >1- 1 - J . (55) 

For c = 1CT 1 and for the number of e-folds iV = 55 and N = 70, the criti- 
cal value of the spectral index is n s = 0.9640 and n s = 0.9717 respectively. 
Therefore, for the solution having (e = +1, <f> + ) we do not expect any im- 
provement of the value of the spectral index from its GR limit. 

Using the COBE normalization for the scalar perturbations A 2 S = 4 x 
10~ 10 , equation (IH)I). with the use of pSjl. can give Vq as a function of 4> 



^ 

125 x lO 5 K|0 2 fl2^-K 2 2 (l-c)(l + 3c)J 

Demanding a positive Vo we get further constraints for the spectral index for 
the (p + solution 

+i * 19(l-c)(l + 3c) 
e = ±1, 0+, n s < 1 — , (57) 

while for the 0_ it is always positive. For c = 10 _1 and for the number of 
e-folds iV = 55 and iV = 70, the critical value of the spectral index for these 
constraints is n s = 0.9775 and n s = 0.9824 respectively. Therefore, for the 
allowed solutions from the positivity constraints, solution (e = +1, 0_) has 
a lower bound of the spectral index but no upper one, while for the solution 
(e = —1, <f) + ) from (jo3|) and (jBTf) the spectral index is limited to 0.9640 < 
n s < 0.9775 for the number of e-folds N = 55, and to 0.9717 < n s < 0.9824 
for the number of e-folds iV = 70. 
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We can verify these results if we substitute the inflaton field (J52|) into 
(|56|). Then, Fig. 2 shows the variation of the spectral index for various 
values of Vo, after having substituting the <fr + solution into t)56j). There is an 
upper bound of n s in agreement with ([57)1 . In Fig. 3 we plot the variation 
of the spectral index for the 0_ solution. According to positivity constraints 
there is no upper bound for the spectral index. Finally, for various values of 
Vq the inflaton field can be calculated and from the crossover scale (148)) . the 
five-dimensional mass M5 can be specified. 

Coming now to the five-dimensional corrections, the Friedmann equation 
(|3*3*|) can be written as 



The n parameter which appears in front of k\ also appears in the low energy 
limit of the Friedmann equation. In order to recover the four dimensional 
Newton's constant of early cosmology we have to define 



Performing the same analysis of the inflationary dynamics as before, with 
the Newton's constant appearing in (|58|) identified with the standard four- 
dimensional Newton's constant using ([59)1 . we find for N = 55 the spectral 
index n s = 0.9548, while for N = 70 the spectral index becomes n s = 
0.9644 which are the Randall- Sundrum values of the spectral index |28j . The 
redefinition ()59|) has important consequences in the early universe. Because 
fj, is a small number, it gives G4 > Gpi which makes gravity stronger [22] in 
the high energy limit |29j . 

4 Chaotic braneworld models with induced 
gravity 

In this section we will search for realistic chaotic inflationary models of 
induced gravity describing the early evolution. As showed in Fig. 1, for 
A ^> 6M®/Ml we have a four-dimensional cosmological evolution for all en- 
ergies, while if A <C QM^/Ml a four-dimensional evolution is followed by a 
five-dimensional at high energies. The five-dimensional mass M 5 in all cases 
considered in Sec. Ill, is of the order ~ 10 17 GeV. Hence, the first case of 




(58) 




K pl . 



(59) 
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Figure 3: V$ versus n s for the solution <\>_ and for the number of e-folds 
iV = 55 and N = 70 respectively. 

A > 6M 5 6 /M| is excluded, because we probe a high energy regime where 
quantum gravity corrections become important. 

We studied in Sec. II the cosmological evolution of models with AdS or 
Minkowski bulk by setting the effective cosmological constant or the five- 
dimensional cosmological constant equal to zero respectively. In both cases 
for A <C 6Mf/M|, and at energies E ^> Mf/Mj the cosmological evolution 
is described by the Friedmann equation ([32]) . For p ^> A and in the energy 
regime M\jM\ { <C E <C M^/M% the Friedmann equation is given by ([53]). 
In the case of an AdS bulk and for e = +1 the brane tension is negative. In 
general, we expect a negative brane tension to give at late times a negative 
Newton's constant. 

This is the case in the simplest one-brane Randall-Sundrum model. In 
this model, the effective gravitational constant in the late time cosmology 
is identified with the Newton's constant and a simple relation between the 
brane tension A the five-dimensional mass M 5 and the Gp\ results. The 
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situation in induced gravity is more subtle. In |22| it was shown that in 
late time cosmological evolution and without any fine-tuning, the effective 
gravitational constant is a complicated function of the parameters, and it is 
changing in time. In our case for the fine-tuning (fTTj) and the approximations 
we used in Sec. II, in the late time cosmology the Newton's constant is fixed 
by relation (JoT?]) . 

Negative tension branes appear quite naturally as endpoints of spacetime 
in higher than four dimensions. For example they may appear in non-oriented 
string theories as orientifold planes |30j . In Randall-Sundrum model their 
presence provides a solution to the hierarchy problem [3] and it appears that 
they are needed to any realization of geometrical hierarchy in string theories 
|31j . However, the presence of negative tension branes signals an instabil- 
ity in the bulk-brane system [32] . What really happens is that tachyonic 
modes are generated via tensor perturbations of the spacetime and bound to 
the negative tension brane much like the graviton zero-mode to the positive 
tension brane. 

There are various ways to stabilize an unstable bulk-brane system. One 
way is to introduce a scalar field in the bulk which has self-interaction poten- 
tials at the branes. This is the way one can stabilise the two-brane Randall- 
Sundrum model [33]. Another way is to add an effective cosmological con- 
stant. This corresponds to a system rolling down a potential hill towards a 
different vacuum of the theory. Actually the reason why we find a negative 
brane tension is that we have put the effective cosmological constant equal 
to zero in the first place. Finally, one can introduce additional terms in the 
action in such a way as to drive the system to a stable vacuum. 

In the last section we showed that the two solutions (e = +1, </>_) and 
(e = —1, <p + ) improve the GR value of the spectral index. However, the 
solution (e = +1, </>_) gives the unexpected result of an unbounded from the 
above spectral index as it is shown in Fig. 3. This is happening because 
for this solution the inflation never ends. Inflation ends when the slow-roll 
parameter e = 1. Substituting a quadratic potential V = Vo0 2 into (j^3j) we 
get 



For the solution (e = +1, 0„) using the GR value <pf = lO -1 0i we find 
that the condition at the end of the inflation e — 1 is not satisfied. This is 
happening because of the negative sign of the second term in (j6T)]) . 




(60) 
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For E 3> Ml/ Ml we are left with the solution (e = — 1,0+). This solu- 
tion can have positive brane tension for both AdS and Minkowski bulk, well 
defined energy scales and it gives a spectral index closer to the observations. 
If we take the GR value of V = 3.46 x 10 27 (GeV) 2 for the number N = 55 
of e-folds, for [i = 0.01 the value of the inflaton field is 2.85 x 10 18 GeV. The 
five-dimensional mass is M 5 = 1.24 x 10 16 GeV and it is less than the Planck 
mass. Therefore we see, that here we do not have the standard problem of the 
chaotic inflation. The value of the inflaton field is less than the Planck scale, 
larger however than the five- dimensional mass, and hence we do not expect to 
have uncontrollable quantum gravity corrections. The reason is that gravity 
becomes stronger in early cosmological evolution bringing down the value of 
the inflaton field, as can be seen in (J59|) . The spectral index is n s = 0.9775 
better than the GR value of n s = 0.9640. If we take N = 70 for the number of 
e-folds than the spectral index becomes n s = 0.9824. In this chaotic inflation- 
ary model of the induced gravity the initial value of the potential is not fixed 
as in the GR limit. The maximum value it can take is V^ 2 = = 10~ 5 Mp 
which for M P = 1.2 x 10 19 GeV is V = 1.44 x 10 28 (GeV) 2 . Then, with this 
value of Vq the inflaton field and the five-dimensional mass change slightly, 
so does the spectral index which has already reached its maximum allowed 
value. 

For an energy regime where M^/M Pl <B< Mf/Mj the cosmological 
evolution is governed by (|58|) . In general this Friedmann equation is giving a 
different cosmological evolution than the Randall-Sundrum model. However, 
in the high energy limit p ^> A, considering the induced gravity as correction 
to the Randall-Sundrum model, we fix the Newton's constant from (|59J) and 
then we recover the known Randall-Sundrum model results. It is remarkable 
that the same result applies also to a Minkowski bulk, as this was noticed in 
[T2*j in the case of A 5 = and A = 0. 

5 Conclusions 

We studied the early time cosmological evolution of a braneworld model with 
induced gravity when the brane tension and the bulk cosmological constant is 
included. For E > M|/M 4 2 the evolut ion is four-dimensional and the Fried- 
mann equation is the standard Friedmann equation of GR supplemented with 
correction terms due to induced gravity. For Mf/Mj> ; < £ <C Mf/Mf the 
evolution is five-dimensional and the Friedmann equation is of the Randall- 
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Sundrum type. In late times and at energies E < Ml/ Mj the evolution 
is four-dimensional and the Friedmann equation is the standard Friedmann 
equation of GR. 

We applied the slow-roll inflationary formalism to this model and inves- 
tigated chaotic inflationary scenarios with AdS or Minkowski bulk. In the 
induced gravity phase of E 3> Mf/M|, we found better agreement with the 
recent observations. The spectral index of the scalar perturbation spectrum is 
n s = 0.9775 for the number of e-folds N = 55, while it becomes n s = 0.9824, 
for iV = 70. In the five-dimensional phase we recover the Rundall-Sundrum 
model with the known results of the spectral index of the scalar perturbation 
spectrum. 

An important issue is whether the spectrum of tensor perturbations is al- 
tered in the presence of induced gravity, and also what is the relation between 
the scalar and tensor perturbations. The calculation of tensor perturbations 
is more involved than the corresponding calculations in the Rundall-Sundrum 
model |34j . Up to now it is not known what is the spectrum of tensor per- 
turbations in braneworls with induced gravity. 

This work can be extended to a braneword cosmological model where both 
corrections are included in the five-dimensional action: a four- dimensional 
scalar curvature from induced gravity on the brane, and a five-dimensional 
Gauss-Bonnet curvature term. In [21] it was shown, that the combined effect 
of induced gravity and the Gauss-Bonnet term, is to smooth out the initial 
singularity that is encountered in the individual theories. The resulted model 
may improve further the value of the spectral index of the scalar perturbation 
spectrum. It may also help to stabilize the bulk-brane system in the case of 
a negative tension brane. 

Note added: The paper recently appeared which studies the slow- 
roll inflationary dynamics in the five- dimensional RS sector of the induced 
gravity model. 
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